Abstract
1. Introduction

23
The description of many natural phenomena is most vividly carried out in terms of 24 hydrodynamics, because the concept of a streaming liquid elucidates and helps to un-25 derstand the physical significance and structure of an underlying theory [1] . In its clas-26 sical sense [2, 3] , hydrodynamics describes the motion of a continuum, characterized 
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27 by a velocity and density distribution, which for a perfect fluid and in the non-relativ-28 istic limit is described by the Euler and continuity equations. It has been recognized 29 about 20 years ago by Unruh [4] , that the propagation of small perturbations on such 30 a hydrodynamic background, which is itself governed by a continuum version of 31 Newtonian physics, may be cast into the form of a ''relativistic'' scalar wave equation
33 for the velocity potential U of the perturbations. The disturbances propagate in an 34 effective space-time with metric g lm , which is in general curved. The metric g lm was 35 later on shown to be of the Painlev e e-Gullstrand form [5] , originally invented as an 36 alternative to the Schwarzschild form of the solution of the Einstein equations for a 37 point mass source. With the advent of effective curved space-time theories, it became 38 apparent that the Painlev e e-Gullstrand representation of the metric appears in a host 39 of such theories. They comprise, besides the conventional Euler fluid [4, 6] , superfluid 40 3 He-A [7, 8] , atomic Bose-condensed vapors [9, 10] , and general dielectric (quantum) 41 matter [11] [12] [13] . 42 An interesting and important feature of the Painlev e e-Gullstrand metric is that it 43 continues to give an appropriate physical description for quasiparticle propagation 44 even when the effective space-time possesses a horizon [14] . This occurs because 45 the condensed matter origin of the metric in the Painlev e e-Gullstrand form is the 46 spectrum of elementary excitations (quasiparticles) [15] , which is primary. This phys-47 ical energy spectrum, from which the metric is obtained using the fact that for mass-48 less quasiparticles the energy spectrum is
50 must be well-defined and, in particular, real everywhere in the system. In contrast, 51 for the Schwarzschild form of the metric the spectrum reads
53 where r S is the usual Schwarzschild radius and p r ; p ? are radial and transverse 54 quasiparticle components of the quasiparticle momentum, respectively. The velocity 55 c plays the role of the speed of light and is equal to the sound speed for phonons. 56 This ''Schwarzschild form'' of the spectrum exhibits imaginary mode frequencies and 57 consequently leads to instability of the condensed matter system if a horizon is 58 present, because it has sections of the transverse momentum p ? which result in 59 E 2 < 0 inside the horizon. The Painlev e e-Gullstrand metric, on the other hand, gives 60 real frequencies throughout a condensed matter system possessing a quasiparticle 61 horizon, which can thus be stable. 62
The non-equivalence of Schwarzschild and Painlev e e-Gullstrand form of the met-63 ric is related to the fact that the coordinate transformation relating the Schwarzs-64 child solution and the Painlev e e-Gullstrand representation becomes singular at the 65 horizon [14] . This fact has, inter alia, led to the usage of Painlev e e-Gullstrand co-or-66 dinates for investigations of Hawking radiation in the ''conventional'' black hole
89
In the following discussion the quasiparticle spectrum is assumed to be linear in 90 the fluid rest frame for ''small'' quasiparticle momenta, E ¼ cjpj corresponding to 91 (2), and deviating from linearity for momenta approaching the ''Planck scale'' of 92 the system at hand. In general the ð3 þ 1Þ-dimensional Painlev e e-Gullstrand metric 93 [5] reads
95 That is, the metric has space-time interval
97 By special convention, the indices on the 3-velocity are always raised and lowered 98 using the flat 3-dimensional Cartesian metric so that
In the case of irrotational fluid flow (for instance in a superfluid outside the cores 100 of the (singular) quantized vortices), the dÕAlembertian equation (1) can be derived 101 directly from a linearization procedure based on the Euler and continuity equations 102 [4, 6] ; the existence and relevance of the Painlev e e-Gullstrand effective metric then 103 follows as a rigorous theorem. If distributed vorticity is present, the situation is 104 more subtle [20] : In hydrodynamics with distributed vorticity one obtains a rather 105 complicated system of coupled differential equations, one of which contains the
106 dÕAlembertian operator (and therefore also contains the effective metric) as a sub-107 sidiary quantity [20] . Thus for hydrodynamics with distributed vorticity, the effec-108 tive metric is not the whole story-but certainly an important part of the story. 109 In particular, if one appeals to the eikonal approximation (in this context identical 110 to the WKB approximation) one can derive PierceÕs approximate wave equation 111 [21] . In this approximation one can write down the quasiparticle spectrum directly 112 in terms of the effective metric [20] . 113
Note that the constant-time hypersurfaces are conformal to ordinary flat Carte-114 sian space. As long as we are interested in quasiparticles that propagate along the 115 null cones of this effective metric (that is, quasiparticles moving at the speed c relative 116 to the medium), it is permissible to neglect the overall conformal factor of q=c and 117 consider the simplified metric
119 (This is simply the statement that conformal transformations leave null curves and, 120 in particular, null geodesics, invariant.) The inverse of this simplified metric is
122 Note that the Newtonian time parameter t provides a preferred foliation of the 123 spacetime into space + time, and that this preferred foliation will prove very useful. 124 Suppose now that the speed of sound is iso-tachic, independent of position and 125 time. Then we can choose coordinates to set the speed c of linear quasiparticle dis-126 persion equal to unity, a convention adopted in the formulae below. The ð3 þ 1Þ-di-127 mensional Painlev e e-Gullstrand metric [5] then reads
129 In general relativistic language the lapse function in the ADM formulation [19] is 130 now unity and all the space-time curvature is encoded in the shift function-which 131 here describes the physical velocity of the fluid. The inverse metric is
133 Turning to the computation of curvature, the 24 independent connection coefficients 134 read (cf.
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138 The deformation rate is in general relativistic language the extrinsic curvature of the 139 constant-time hypersurfaces, while the angular velocity tensor is in fluid mechanics 140 language equivalent to the vorticity vector defined via x i ¼ ijk X jk . The above tensors 141 result in the unique decomposition of o i v j ¼ ðr vÞ ij ¼ D ij þ X ij into a symmetric 142 and an antisymmetric tensor. 143
The components of the Riemann curvature tensor afford the basic symmetries 144 R ½lm½qk ¼ R ½qk½lm , which are supplemented by R ½lmqk ¼ 0 and R l½mqk ¼ 0 [19] . The Rie-145 mann components that need to be calculated are thus R titj , R ijkl , and R tijk , the rest fol-146 low by the (anti-)symmetry properties. A tedious but straightforward computation 147 (which follows a variant of the Gauss-Codazzi decomposition) yields
151 Here we have defined ðDX þ XDÞ ij D ik X kj þ X ik D kj and similarly
The appearance and interpretation of the Riemann components may be greatly 153 simplified if we consider them in an orthonormal, locally Minkowskian tetrad frame 154 fe a l g. Greek indices denote the usual space-time indices, Roman letters from the be-155 ginning of the alphabet indicate tetrad indices, while Roman letters from the middle 156 of the alphabet denote space indices. Whenever there is any chance of confusion, car-157 ets on indices are used to indicate that the components are given in the tetrad frame. 158 The tetrad frame fe a l g is defined by
160 In the simplest gauge it is given by
162 The inverse basis satisfies
164 Note the use of index placement to distinguish e a l from its inverse e 
167 Thus, for any given vector with components X l the components in the various 168 frames are related by
170 and
172 These index conventions greatly simplify the formulae below. Calculating the Rie-173 mann tensor in the tetrad frame gives
177 where
179 is the usual convective derivative. The tetrad components R abcd tell us how a La-180 grangian observer moving with the fluid perceives the curvature of the effective 181 space-time described by the Painlev e e-Gullstrand metric (8). 182
The components in the tetrad and co-ordinate frames are related by
184 In the tetrad frame, the Ricci tensor
186 has the components
190 where we remind the reader that we have defined the vorticity vector
192 The curvature scalar thus becomes
194 and contains the trace of the deformation tensor and the trace of its square, but not 195 the vorticity. Finally, the Einstein tensor takes the form
199 We emphasise that although the Ricci and Einstein tensors are non-trivial, and cer-200 tainly objects of physical interest, there is at this level no need for or justification for 201 imposing Einstein equations-though these Ricci and Einstein tensors are properties 202 of the flow, they are not directly related to the stress-energy tensor generating that 203 flow and thus the effective space-time curvature experienced by the quasiparticles. In 204 superfluids, for example, the ''Einstein action'' proportional to the curvature scalar 205 (31) is smaller than the simple kinetic energy of the superflow by the factor a 2 =l 2 , 206 where a is the atomic scale and l the scale on which the velocity field varies [7] , so that 207 the ''Einstein action'' is subdominant in determining the velocity field. 208
It is sometimes convenient to work with the conformally invariant, traceless part 209 of curvature. This is given by the Weyl tensor [23]
211 where the brackets indicate anti-symmetrization on the indices they enclose. This 212 gives
217 3. Examples 218 3.1. General iso-pycnal flows 219 Suppose now that the flow is not only iso-tachic (constant speed of sound) but 220 also iso-pycnal (constant background density). This corresponds to an ''almost in-221 compressible'' fluid such as water. The major change from the previous section is 222 the simplification that comes from the continuity equation:
224 The form of the Riemann tensor is not affected, though for the Ricci tensor we now 225 have
229 The Ricci scalar simplifies to
231 Thus the Ricci curvature scalar is positive semidefinite for iso-pycnal flows, and 232 vanishes if and only if the deformation D is zero. 233 The Einstein tensor is now
237 Finally, the Weyl tensor for iso-pycnal flows reduces to No. of pages: 18
249 where h ik ¼ h ki is unity if ðikÞ ¼ ðxyÞ and zero otherwise. The projection operator
251 where n ¼ ð0; 0; 1Þ is a unit vector in z-direction ensures that the curvature has non-252 zero components only in the x-and y-directions.
For the Ricci and Einstein tensors
Rt tîı ¼ Rî ı| | ¼ 0; 
259
A somewhat more interesting case is the constant-circulation flow in the x-y plane
261 appropriate to a vortex flow well outside the central core, where the circulation is 262 H v Á ds ¼ 2pc. In this case you would not want to trust the geometry for r < r c ¼ c 263 because at r ¼ r c the flow goes supersonic. This flow has
265 Note the ''duality'' between the vortex core and the far field. In the core the de-266 formation rate is zero and the vorticity is non-zero, while in the far field it is the 
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267 vorticity that is zero and deformation that is non-zero. The Riemann curvature 268 tensor takes the form: 
272 Therefore the Ricci tensor, curvature scalar, and Einstein tensor read
275 It is mildly amusing to note that the vortex geometry is uniquely determined by the 276 cylindrical symmetry plus the equation G ab / d ab (not g ab ).
277 3.4. Streaming motion past a cylinder
278
The most complex flow we discuss here is provided by the 2-dimensional stream-279 ing motion from right to left past a cylinder of radius a. According to the circle the-280 orem [3], the complex velocity potential of such a flow is given by
282 where Z ¼ x þ iy and U is the velocity at infinity in negative x-direction. This results 283 in the flow
285 The velocity at infinity is restricted to be U < 1=2, for the maximal velocity on the 286 cylinder surface to be less than the speed of sound. The formulae for deformation 287 and vorticity (which is identically zero for this flow) read No. of pages: 18
289 The Riemann components show that the flow past a cylinder, due to its reduced 290 symmetry, yields a more complicated space-time geometry for quasiparticles than the 291 vortex flow:
293 where the last line reads more explicitly
295 These latter components show that the ''circulation'' Ua 2 is not the only relevant 296 parameter of the flow, in contrast to the constant-circulation vortex case, as we may 297 expect from the reduced symmetry of the flow past the cylinder. 298
The curvature scalar
300 decays much more quickly with distance from the cylindrical object than the cur-301 vature of the vortex flow, Eq. (58). 
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311
For the rigid rotation flow it is easy to see that the Riemann curvature tensor is 312 identically zero, either (1) by brute force application of the above formulae, or more 313 subtly (2) by going to a rotating frame (of angular velocity X ¼ 2x 0 ) in which the 314 velocity is identically zero, evaluating the Riemann tensor there (where it is blatantly 315 zero), and transforming back to the rotating frame. Although the Riemann tensor is 316 identically zero, there is interesting physics going on: The fact that pure rotation 317 leads to zero Riemann curvature is ultimately responsible for the fact that Eqs. 318 (12) and (21) do not contain any terms quadratic in X, a result that otherwise has 319 to be simply asserted based on explicit calculation. 320
Additionally, we emphasise that even though the Riemann tensor is zero, the 321 Christoffel symbols are definitely not zero. Indeed 
334
An invariant measure of the strength of a flow pattern as regards its influence on 335 quasiparticle motion may be defined to be the value of the curvature scalar R / s Àj 336 at a certain given distance s from the flow-generating object (cf. Fig. 1 , illustrating 337 the generic situation of flow past an object placed in a homogeneous stream). Among 338 the flows discussed in the previous section the shear flow is strongest in that sense 339 (because the ''flow generating object'' is covering all space, j ¼ 0), followed by the 340 vortex flow (j ¼ 4) and the flow past the cylinder (j ¼ 6). Finally rigid rotation, 341 which has zero R and is ''flat'' (j ¼ 1). It is the simplest conceivable non-trivial 342 (i.e., inhomogeneous) flow with the property of having all R abcd equal to zero. 343
A non-vanishing Riemann tensor leads to tidal (relative) acceleration of nearby 344 geodesics, described by the Jacobi equation of geodesic deviation for quasiparticles
346 The above relation gives the covariant relative acceleration of two nearby geodesics, 347 with null tangent vectors u separated by the displacement vector n, and with the 
369 Note the strengths and weaknesses of this concept-it provides a local position and 370 orientation dependent notion of focal length appropriate for nearly parallel geode-371 sics (nearly parallel quasiparticles; so one is automatically working ''on axis'' and 372 ignoring ''spherical abberation''), but this definition of f local does in general not 373 provide significant global information. If the Riemann tensor is strongly inhomo-374 geneous, varying on length scales significantly smaller than f local , then this concept of Fig. 1 . The quasiparticle geodesic deviation at a distance vector s caused by an object placed in a flow with velocity v 1 at infinity (the generic case of the situation in Section 3.4).
